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Let consider L be the Lagrangian of a system where L = L(qi, q̇i, t) with i = 1, 2, . . . , k.
We know that,

pi =
∂L
∂q̇i

We defined a h function such that,

h =
∑
i

piq̇i − L(qi, q̇i, t) (0.1)

h =h(qi, q̇i, t) =
∑
i

∂L
∂q̇i

q̇i − L(qi, q̇i, t) (0.2)

h function may or may not represent energy.
Now,

dh =
∑
i

(pidq̇i + q̇idpi)−
∑
i

(
∂L
∂qi

dqi +
∂L
∂q̇i

dq̇i)−
∂L
∂t
dt

=
∑
i

pidq̇i +
∑
i

q̇idpi −
∑
i

ṗidqi −
∑
i

pidq̇i −
∂L
∂t
dt

[Where,
∂L
∂qi

=
d

dt

∂L
∂q̇i

= ṗi]

∴ dh =
∑
i

q̇idpi −
∑
i

ṗidqi −
∂L
∂t
dt

It is clear that variation of h depends on variation in pi, qi and possibly of t.

The Hamiltonian H and the energy function h has the same value and H can be con-
structed in the same manner of equation 0.2.

So, H(qi, pi, t) = h[qi, q̇i(qj, pj, t), t]
And we can obtain the following equations,

∂H

∂pi
=
∂h

∂pi
= q̇i

∂H

∂qi
=
∂h

∂qi
= −ṗi

∂H

∂t
=
∂h

∂t
= −∂L

∂t
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Now we can write,

∂H

∂qi
=− ṗi and

∂H

∂pi
= q̇i

Which are known as Canonical equations of Hamilton.

Example: Let’s consider a simple pendulum of mass m and length L.

The Lagrangian,

L(φ, φ̇) =
1

2
mL2φ̇2 −mgL(1− cosφ)

Now, pφ =
∂L
∂φ̇

= mL2φ̇ (0.3)

So the h function can be written as,

h =pφφ̇− L

=mL2φ̇2 − 1

2
mL2φ̇2 +mgL(1− cosφ)

=
1

2
mL2φ̇2 +mgL(1− cosφ)

=
pφ

2

2mL2
+mgL(1− cosφ)

=T + V

=H(φ, pφ)

Now the Canonical equations of Hamilton becomes,

ṗφ =− ∂H

∂φ
= −mgL sinφ (0.4)

φ̇ =
∂H

∂pφ
=

pφ
mL2

(0.5)
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Using the definition of equation 0.3, 0.4 becomes,

mL2φ̈ =−mgLφ
[Using small angle approximation]

∴ φ̈ =− g

L
φ

Which gives the equation of motion of simple pendulum with angular frequency ω =
√

g
L

.

Let’s think about an object going upward with speed ẏ.

So Lagrangian, L(y, ẏ) =
1

2
mẏ2 −mgy

∴ py =
∂L
∂ẏ

= mẏ

So the h function is,

h =pyẏ − L(y, ẏ)

=mẏ2 − 1

2
mẏ2 +mgy

=
1

2
mẏ2 +mgy

=
py

2

2m
+mgy = E = H(y, py, t)

So,
∂H

∂py
=ẏ =⇒ py

m
= ẏ

And,

∂H

∂y
=− ṗy

=⇒ ṗy =−mg
∴ py =−mgt+ py0

=⇒ mẏ =−mgt+ py0

∴ ẏ =− gt+
py0
m

∴ y(t) =y0 −
1

2
gt2 +

py0
m
t
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In general case we can write Lagrangian as,

L =
1

2
( ˙̄q)TΠ( ˙̄q) + ( ˙̄q)T (ā) + L0(q̄, t)

=
1

2

∑
ij

q̇iq̇jΠij +
∑
i

q̇iai + L0(qi, t)

Where, ˙̄q =


q̇1
q̇2
q̇3
...


Πij and ai are function of coordinate and possibly time.

Now, pl =
∂L
∂q̇l

=
1

2

∑
ij

q̇iδjlΠij +
1

2

∑
ij

δilq̇jΠij +
∑
i

δilai

∴ pl =
1

2

∑
i

q̇iΠil +
1

2

∑
j

q̇jΠlj + al

=
1

2

∑
i

q̇iΠil +
1

2

∑
j

q̇jΠjl + al ∵ Π = ΠT

=
∑
i

q̇iΠil + al

∴ (p̄)T =(( ˙̄q)TΠ) + (ā)T (0.6)

=⇒ ( ˙̄q)T =(p̄− ā)TΠ−1

Now,

H =
∑
i

piq̇i − L

=(p̄)T ( ˙̄q)− L

=( ˙̄q)TΠ ˙̄q + (ā)T ˙̄q − 1

2
( ˙̄q)TΠ( ˙̄q)− ( ˙̄q)T (ā)− L0(q̄, t)

=
1

2
( ˙̄q)TΠ ˙̄q − L0(q̄, t) ∵ (ā)T ˙̄q = ( ˙̄q)T (ā)

=
1

2
(p̄− ā)TΠ−1Π(Π−1)T (p̄− ā)− L0(q̄, t)

=
1

2
(p̄− ā)T (Π−1)(p̄− ā)− L0(q, t) (Π−1)T = Π−1

=H(q̄, p̄, t)

∴ H(q̄, p̄, t) =
1

2
(p̄− ā)T (Π−1)(p̄− ā)− L0(q, t) (0.7)

Example: Let consider a mass is attached to a spring k in one end. The other end of the
spring is attached to a mass less cart which is moving uniformly with speed v0.
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The Lagrangian,

L(x, ẋ, t) =
1

2
mẋ2 − 1

2
k(x− v0t)2

Comparing with general form of Lagrangian,

L =
1

2
˙̄qTΠ ˙̄q + ˙̄qT ā+ L0(q, t)

=
1

2

∑
ij

q̇iq̇jΠij +
∑
i

q̇iai + L0(q, t)

This is one dimensional case,
So,

( ˙̄q) =(ẋ),Π = m and ā = 0, L0 = −1

2
k(x− v0t)2

Now, px =
∂L
∂ẋ

= mẋ

∴ (p̄) =px = mẋ

So according to equation 0.7,

H(x, px, t) =
1

2
px

1

m
px +

1

2
k(x− v0t)2

=
px

2

2m
+

1

2
k(x− v0t)2
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So canonical equations of Hamilton,

∂H

∂x
=k(x− v0t) = −ṗx

∂H

∂px
=
px
m

= ẋ

∴ ṗx =− k(x− v0t)

and ẋ =
px
m

are the equation of motion. Again H is explicitly dependent on t, so energy is not conserved.

Lets see the figure again.
If we define position of the mass by x′ then the Lagrangian can be written as,

L =T − V

=
1

2
m(ẋ′ + v0)

2 − 1

2
kx′2

Where, T =
1

2
m(ẋ′ + v0)

2

V =
1

2
kx′2

So, L =
1

2
mẋ′2 +mẋ′v0 +

1

2
mv20 −

1

2
kx′2

∴
∂L
∂ẋ′

=p = mẋ′ +mv0

Here, L0 =
1

2
mv20 −

1

2
kx′2

So, following the equation 0.7

H(x′, p) =
1

2
(p−mv0)

1

m
(p−mv0)−

1

2
mv20 +

1

2
kx′2

=
1

2

(p−mv0)2

m
+

1

2
kx′2 − 1

2
mv20

Here, H is independent of time. H doesn’t represent total energy E, but it is a conserved
quantity. Except for the last constant term 1

2
mv20, H represents total energy of the mass due
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to its motion relative to the moving cart.

Now,
∂H

∂x′
=kx′ = −ṗ

∂H

∂p
=

(p−mv0)
m

= ẋ′

∴ ṗ =− kx′ and
p

m
− v0 = ẋ′

=⇒ ẍ′ =
ṗ

m
= − k

m
x′

which represents oscillatory motion with frequency
√

k
m

.

Lets consider a charged particle of mass m and charge e moving through an EM field.
The Lagrangian of that particle is,

L =
1

2
m ˙̄r2 − eφ(r̄, t) + e ˙̄r.Ā(r̄, t)

Where φ(r̄, t) is electric potential and Ā(r̄, t) is vector potential.

Now, (r̄) =

xy
z

 , ( ˙̄r) =

ẋẏ
ż


(Ā) =

AxAy
Az


Now the Lagrangian can be written as,

L =
1

2
m(ẋ2 + ẏ2 + ż2) + e(ẋAx + ẏAy + żAz)− eφ(r̄, t)

=
1

2

(
ẋ ẏ ż

)m 0 0
0 m 0
0 0 m

ẋẏ
ż

+
(
ẋ ẏ ż

)eAxeAy
eAz

− eφ(r̄, t)

∴ L(r̄, ˙̄r, t) =
1

2
( ˙̄r)TΠ ˙̄r + ( ˙̄r)T (ā) + L0(r̄, t) (0.8)

Where, (ā) =e(Ā) Π =

m 0 0
0 m 0
0 0 m


L0(r̄, t) = −eφ(r̄, t)
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According to 0.6;

(p̄) =Π( ˙̄r) + (ā) = Π( ˙̄r) + eĀ ∵ ΠT = Π

In other words, pi =mṙi + eAi

where, i = x, y, z

∴ p̄ =m ˙̄r + eĀ which is known as Canonical Momentum .

Now equation 0.7 becomes,

H(r̄, p̄, t) =
1

2
(p̄− eĀ)TΠ−1(p̄− eĀ)− L0(r̄, t)

=
1

2
(p̄− eĀ)T

m 0 0
0 m 0
0 0 m

−1 (p̄− eĀ) + eφ(r̄, t)

=
1

2
(p̄− eĀ)T

1

m

1 0 0
0 1 0
0 0 1

 (p̄− eĀ) + eφ(r̄, t)

=
1

2m

(
px − eAx py − eAy pz − eAz

)px − eAxpy − eAy
pz − eAz

+ eφ(r̄, t)

=
1

2m
[(px − eAx)2 + (py − eAy)2 + (pz − eAz)2] + eφ(r̄, t)

=
1

2m
(p̄− eĀ)2 + eφ = T + V

Here H represents Total Energy but the quantity is conserved if and only if φ an Ā are time
independent.

Now the Canonical equations of Hamilton are as below,

ṗx =− ∂H

∂x
= − 1

2m
[−2(px − eAx)e

∂Ax
∂x
− 2(py − eAy)e

∂Ay
∂x
− 2(pz − eAz)e

∂Az
∂x

]− e∂φ
∂x

∴ ṗx =
e

m
[(px − eAx)

∂Ax
∂x

+ (py − eAy)
∂Ay
∂x

+ (pz − eAz)
∂Az
∂x

]− e∂φ
∂x
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Similarly,

ṗy =
e

m
[(px − eAx)

∂Ax
∂y

+ (py − eAy)
∂Ay
∂y

+ (pz − eAz)
∂Az
∂y

]− e∂φ
∂y

ṗz =
e

m
[(px − eAx)

∂Ax
∂z

+ (py − eAy)
∂Ay
∂z

+ (pz − eAz)
∂Az
∂z

]− e∂φ
∂z

And,

ẋ =
∂H

∂px
=
px − eAx

m
=⇒ px = mẋ+ eAx

ẏ =
∂H

∂py
=
py − eAy

m
=⇒ py = mẏ + eAy

ż =
∂H

∂pz
=
pz − eAz

m
=⇒ pz = mż + eAz

Using the definition of ẋ, ẏ and ż we can write,

ṗx =e[ẋ
∂Ax
∂x

+ ẏ
∂Ay
∂x

+ ż
∂Az
∂x

]− e∂φ
∂x

=⇒ mẍ+ e
dAx
dt

= e[ẋ
∂Ax
∂x

+ ẏ
∂Ay
∂x

+ ż
∂Az
∂x

]− e∂φ
∂x

=⇒ mẍ+ eẋ
∂Ax
∂x

+ eẏ
∂Ax
∂y

+ eż
∂Ax
∂z

+ e
∂Ax
∂t

= eẋ
∂Ax
∂x

+ eẏ
∂Ay
∂x

+ eż
∂Az
∂x
− e∂φ

∂x

=⇒ mẍ = eẏ(
∂Ay
∂x
− ∂Ax

∂y
) + eż(

∂Az
∂x
− ∂Ax

∂z
) + e(−∂φ

∂x
− ∂Ax

∂t
)

=⇒ mẍ = e[ẏ(∇̄ × Ā)z − ż(∇̄ × Ā)y] + e[−∇̄φ− ∂Ā

∂t
]x

=⇒ mẍ = e(Ē)x + e( ˙̄r × B̄)x

∴ (m¨̄r)x = e[Ē + ( ˙̄r × B̄)]x

∴ m¨̄r = e[Ē + ( ˙̄r × B̄)] (0.9)

This is the equation of motion for the charged particle moving in EM field. The equation
0.9 also represents the force acting on the charged particle while moving through an EM
field.
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