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1 Important Terms

(a)Reduced mass(µ) and Kinetic energy(T) of equivalent one body system of
two masses m1 and m2 are :

µ =
m1.m2

m1 +m2

T =
1

2
µṙ2 +

p2φ
2µr2

(b)Gravitational Potential energy (as a function of position only) is given by

V = V (r) =
−Gm1m2

r

2 General Approach to Central Force problem
and Kepler’s laws of planetary motion:

Total energy of a two-body system is:

E =
1

2
µṙ2 +

1

2
µr2φ̇2 + V (r)
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Since

φ̇ =
pφ
µr2

(1)

E =
1

2
µṙ2 +

1

2µr2
p2φ + V (r) (2)

E =
1

2
µṙ2 +

1

2µr2
p2φ −

GµM

r
(3)

~r = ~r(φ) (4)

ṙ =
∂r

∂φ
φ̇ =

∂r

∂φ

pφ
µr2

(5)

Lets introduce a new variable u(φ) defined as:

u(φ) =
1

r(φ)
=⇒ ∂u

∂φ
=
−1

r2
∂r

∂φ
(6)

=⇒ ṙ = −r2 du
dφ

pφ
µr2

=
−pφ
µ

du

dφ
=
−pφ
µ

u̇ (7)

where u̇ = ∂u
∂φ .

So, equation (3) can be written as:

E =
1

2
µ
p2φ
µ2
u̇2 +

p2φ
2µ
u2 −GµMu (8)

u̇2 + u2 − 2Gµ2M

p2φ
=

2µE

p2φ
(9)

u̇2 =
2µ.E

p2φ
+

2Gµ2M

p2φ
u− u2 (10)

u̇ =

√
2µ.E

p2φ
+

2Gµ2M

p2φ
u− u2 (11)

(12)
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For maximum or minimum value of r (i.e at equilibrium)

ṙ =0 =⇒ ∂u

∂φ
= 0

u2 − 2Gµ2M

p2φ
u− 2µ.E

p2φ
= 0

u =
1

2
[
2Gµ2M

p2φ
±

√
4× G2µ4M2

p4φ
− 4× 1× −2µE

p2φ
]

u =
Gµ2M

p2φ
±

√
G2µ4M2

p4φ
+

2µE

p2φ

=⇒ umax =
Gµ2M

p2φ
+

√
G2µ4M2

p4φ
+

2µE

p2φ
=⇒ rmin

umin =
Gµ2M

p2φ
−

√
G2µ4M2

p4φ
+

2µE

p2φ
=⇒ rmax

Integrating left side from umin to umax so that φ goes from φuminto φumaxon
right side,∫ umax

umin

du√
2µ.E
p2φ

+ 2Gµ2M
p2φ

u− u2
=

∫ φmax

φmin

dφ = Φmax − Φmin (13)

(14)

Now we define a new variable v as:

v = u− Gµ2M

p2φ
=⇒ dv = du =⇒ v2 = u2 − 2Gµ2M

p2φ
u+

G2µ4M2

p4φ
(15)

Using (14) in (13), we get:

Φmax − Φmin =

∫ vmax

vmin

dv√
2µE
p2φ

+ G2µ4M2

p4φ
− v2

=

∫
dv√

A2 − v2

A2 =
2µE

p2φ
+
G2µ4M2

p4φ
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Figure 1: variation of potential with distance in central force problem: this gives
the condition for various types of conic section.

Where,

vmin = umin −
Gµ2M

p2φ
= −A

vmax = umax −
Gµ2M

p2φ
= +A

=⇒ Φumax − Φ(u) =

∫ A

u−Gµ2M

p2
φ

dv√
A2 − v2

=

∫ 1

ω0

dω√
1− ω2

= | arccos(ω)|1ω0
= − arccos(ω0)

Where ω = v
A =⇒ dv = Adw and ω0 = (u− Gµ2M

p2φ
)/A.
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Lets define

φumax = 0

and, φ(u) = φ

=⇒ arccosω0 = φ

arccosw0 = φ =⇒ w0 = cosφ

=⇒ cosφ =
1

A
[u− Gµ2M

p2φ
]

u− Gµ2M

p2φ
= A cosφ

u = u(φ) = A cosφ+
Gµ2M

p2φ

1

r
=
Gµ2M

p2φ
(1 + e cosφ)

1

r
= c(1 + e cosφ)

Where

c =
Gµ2M

p2φ
(16)

e =
A

Gµ2M
p2φ

=

√
2Ep2φ

G2µ3M2
+ 1 (17)

Where ’e’ is called eccentricity.The different values of e gives different shapes of
the orbit as:

e = 0 =⇒ E = −G
2µ3M2

2p2φ
(circular orbit),

e < 1 =⇒ E < 0; ellipse
e = 1 =⇒ E = 0; parabola
e > 1 =⇒ E > 0; Hyperbola

r(φ) =
1

c(1 + e cosφ)

=⇒ rmin = a(1− e)
rmax = a(1 + e)

X(φ) = r(φ) cosφ

Y (φ) = r(φ) sinφ

Ymax = b = a
√

1− e2
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since, e = 1 for parabola

e = 1 =⇒
2Ep2φ

G2µ3M2
= 1− e2 = 0

=⇒ E = 0

Case (II) e < 1 Ellipse:

e2 =
2Ep2φ

G2µ3M2
+ 1

1− e2 =
−2Ep2φ
G2µ3M2

1− e2 = +ve =⇒ E =
−(1− e2)G2µ3M2

2p2φ
= −ve

this system is a bound system(-ve energy)

r(φ) =
a(1− e2)

1 + e cosφ

=⇒ 1

c
= a(1− e2)

=⇒ a =
1

c
× 1

1− e2

=
p2φ

Gµ2M
× Gµ3M2

(−2E)p2φ

=⇒ a =
−GµM

2E

And,

b = a
√

1− e2 =
−GµM

2E
×

√
−2Ep2φ
G2µ3M2

= pφ

√
1

(−2E)µ

Where ’a’is called Semi-major axis of the ellipse and ’b’ is called semi-minor
axis of the ellipse.

Now, area of the ellipse is given by:

A = π × a× b

= π(
−GµM

2E
)× pφ ×

√
1

(−2E)µ
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Now, the time period is given by:

T =
area

arealvelocity

=
πab
1
2
pφ
µ

=
−2π ×GµM

2E
× pφ

√
1

(−2E)µ
× 1

pφ
µ

T = 2π

√
G2µ3M2

(−2E)3

T = 2π
1√
GM

a
3
2 =⇒ T 2αa3

Thus , the square of time period of elliptical orbits(eg. orbits of Planets) is
directly proportional to the cube of the semi major axis of the ellipse. This is
called Kepler’s third law of planetary motion.
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