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Week 2: Equations of motion, Velocity-dependent potentials
Dr. Sebastian E. Kuhn

(Participation Project: AMSD Wijerathna)

Recall the Generalized forces from the last lecture.

Virtual work is the work done by forces acting on the system on all possible virtual
displacements. The infinitesimal virtual work SW due to infinitesimal virtual
displacement is,

n n n a’r[ n (11)
oW = ZFI.&‘[ = ZZFlO_(Sql = ZQl5ql
. i=1

: (12)
=) Fig!

The coefficient Q; is called the i component of the generalized force associated with
generalized coordinate.
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d <6T> oT (1.3)
dt\og; aqi_Ql

The Equation (1.3) is known as Lagrange’s equations of motion. Since Lagrange’s
equations of motion are derived from the Newton’s equations of motion, they do not
represent a new physical theorem but merely express the same laws of motion in a
different way. In Lagrangian formulation, the equations of motion are obtained entirely
in terms of scalar operations in the configuration space. Therefore, they have the same
form in all coordinate systems and represent a uniform way of writing the equations of
motion independent of coordinates used.

Recall the Euler-Lagrange Equation of Motion from the last lecture.
d <6L> L _0 (1.4)
dt\og,) dq,

where q;’s are generalized co-ordinates while ¢, ’s are generalized velocities. The
Langrangian (L) is a combination of potential and kinetic energies as follows.

L=T-V (1.5)
Let’s now do an example to understand the application of Lagrange’s Equation of
motion and the physics behind the result.

Example: Consider a string with a mass m on the end and the starting angle as 8
from the x direction (see Fig. 1.1). Assume that the motion takes place in a
horizontal plane, obtain the Lagrange’s Equation of motion for r and 6.

Solution: The position co-ordinates of mass m,
x =cos6f and y =sinf
The kinetic energy has radial and tangential parts.

1 .
T=Em(7’"2 +126?) (1.6)
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The Generalized force in the r direction,

ox dy _ N (1.7)
Q, = FxE+Fy5= F.cosO + F,sinf = F .7
The Generalized force in the 6 direction,
d0x dy i (1.7)
Q, = Fx%+ Fy% =1F, cos0 —rE sinf = —yF, + xF,
Q, = # X F (Torque) (1.8)
The Lagrange’s Equation of motion in radial direction,
i(a_T)_a_T= mit —mré? = Q, = F .7
dt \or Jar "
mi = mr62 + F .7 (1.9)
The Lagrange’s Equation of motion in tangential direction,
d (a_T ) _ 9T _ d(mr26) L (2.0)
dt 69 69_ 0 T—QT—T'XF(TOTC[UE)
mér? + 2rimé = Torque 2.1

Equation (1.9) is the application of Newton’s Second Law in radial direction and
it is complete with the centrifugal force, mré? which give us to work in a rotating
reference frame. The Equation (2.0) indicates that torque is equal to the rate of
change of angular momentum. The Equation (2.1) deals with the tangential
Newton’s Second Law. The term, 2mrr0 is the Coriolis force which we can deal
with rotating frames.

Example (Circular Motion of a Spring): Consider a spring (spring constant is
k) with a mass m on the end (see Figure 1.2). The equilibrium length of the spring
is [. Let the spring have length [ + r, and its angle with x- axis be 6. Assuming
that the motion takes place in a horizontal plane, find the equation of motion for
r and 6 using Euler-Lagrange Equation.

Solution: The kinetic energy has radial and tangential parts.

1 .
T =-m (7 +720%) @2)
The potential energy is only the spring energy.
1 2.
V(r) = Ek(r —1)? 2:3)
2.4)

1 . 1
LET—V=Em(1"2+r202)—5k(r—l)2

The Lagrangian has two variables, r and 8. Therefore, there is two Euler-
Lagrange Equations.

a (a_L) _oL mit = mré? — k(r — 1) 2.5)
dt \or or

and,
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d Ly oL (2.6)

d :
—(=)== —(mr?0) =0
dt (ae) 00 dt ( )
mr26 + 2miré = 0 (2.7)
The Equation (2.6) indicates the angular momentum is conserved.

Furthermore Explanation: What happened if the solution is stationary?

Then, r and 6 are constant values (7, , w,). According to the Equation (2.5), we
can show that,
mrowe? = k(ry — 1) (2.8)

, k(-0 (2.9)
 omry

Wy 19 > 1

1.1 Small Oscillations around Stationary Solutions
To find the frequency of small oscillations about the circular motion, we need to
introduce a new generalized co-ordinate.

Let r(t) = ry + 6r where 6r is very small (more precisely, 87 <« 1) and assume 6 =
wo + 86.

The fact is circular motion occurs when, 7 = # = 0. Therefore, Equation (2.5) can be
written as,

mé# = m(ry + 6r)(wy + 860)? — k[(ry + 61) — 1] (3.0)
The terms not involving § on the right-hand side cancel, due to the definition of the
equilibrium point.

mrowg = k(rg — 1) (3.1
Considering the Equation (2.6), mr26 is a constant.
mr20 = mry?w, (3.2)
m(ry + 6r)%(we + 80) = mryw, (3.3)
. 2w . 4
69z—r—06r;(696r ~ 0) (3-4)
0
The Equations (3.0), (3.1), and (3.4) imply that,
Mo+ = mwy26r — dmwy28r — kér ; (662 ~ 0) (3.5)
(3.6)

" k
6F = — (3(002 + E) or
This is a simple-harmonic-oscillator equation in the variable §r. Therefore, the
frequency of small oscillations about a circle is,
! (3.7)
W= (3w02 + —)
m

-
~
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IS Example (Bead on a rotating hoop): A bead is free to slide on along a
A frictionless hoop of radius R. The hoop rotates with a constant angular speed
w around a vertical diameter (see Figure 1.3). Find the equation of motion.

e
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Solution:
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Figure 1. 3
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1 .
L= Em(a)sz (sin@)? + R?6?) + mgR cos 0 (3-8)
The equation of motion is,
RO = sin @ (w?R cos 8 — g) (3.9
Special Cases:
(a) wo=0andsinf = 6
b~ _gg (4.0)

According to the Equation (4.0), bead undergoes a simple harmonic

oscillation with a frequency, \/%.

(b) In equilibrium position,

Equilibrium occurs when 6 = § = 0. If w? > %, then 8 = 0,0 = and

cosf, = ﬁ are all equilibrium points. But 8 = 0,0 = m cases are

unstable. Therefore, cosf, = is the only stable equilibrium.

9
w?R
cos B, never becomes negative. Therefore, bead always in the lower half
of the circle.

(¢c) The frequency of small oscillations

Let 8 = 8y + 80 in Equation (3.9) and expand to first order in §6. Using

g
w?R’

cosf, =
856 + w? (siny)? 80 = 0 4.1

The frequency of small oscillations is,

g2 4.2)
w2R2

wsinf, = |w? —

(d) Forces of Constraint
In here we have two force of constraints, as we have two constraints (r, 9).

Finding force of constraint in radial direction

To find it, we need to look at what happens to r constraint if we perturb it
slightly from its value R. Therefore,

R:R + or (4.3)
Then kinetic energy expression becomes more complicated.
m .
T = = {872 + (R? + 2R6r)[6% + (sin 6)20?]) (“4-4)

The potential energy can be expressed as follows including the centripetal
force F,.

V =mg(R + 6r) cos 6 + F.6r (4.5)
4
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%(a?;r')> = moF o

oL : 4.7
2 : 2,.2
—6(6r) = mR[Q + (sin0)“w ] mg cos 0 — F,

The Equation (4.6) must be zero as force of constraint prevent any motion
in the radial direction. Therefore, 7 = # = 0. It implies that centripetal
force of constraint is,

F. = mR[6?% + (sin0)?w?| — mg cos 6 (4.8)

Here mR6? is a centripetal force. If § = 0, then mR sin fw? X sin @ is
also centripetal force (see Figure 1.4). —mg cos 8 is due to the gravity
towards radial direction.

Finding force of constraint in @ direction
Considering w:w + ¢,

T = %{Rzéz + R*(sin 6)*(w + 6¢)?} )

The potential energy can be expressed as follows including a torque term.

(5.0)

V =mgcos 0 + (Torque)dyp
V =mgcos 8 + Rsin0F, ¢ 5.1
d s oL . (5.2
i (W> = mR?(sin 0)?5¢ + 2mR?*sin O cos O(w + §¢@) 6 (52)
oL (5.3)

——— = —RsindF,

6(69) Sin 0

6@ = 8¢ = 0, because ¢ is the constraint.
F, = —2mRcos 6 Hw (5.4)

Equation (5.4) represents the Coriolis Force corresponding to the rotation
of frames.

1.2 The Lagrangian for Electromagnetic Field

The electromagnetic forces on a moving charge are non-conservative as these

forces depend on the velocity. The force on a particle of charge q moving with

velocity v in an electromagnetic field is given by Lorentz force.
F=qE+VxB) (5.5)

Electric field can be represented in scalar potential @ and vector potential A as,

94 (5.6)
40
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Potential energy depends upon co-ordinates. Therefore, Lagrangian can be expressed

as follows.
ZZr—q(b(r t)+qZA (5.7)

d joL (5.8)
= — (mt; + gA;
dt (ari> (mr‘J’q 2
d (GL) i + Z (5.9)
dt \or; 4’ ot or,
o Z (6.0)
or, q 67”1 +q arl

—

We know that, B = V x A(?, t). Therefore, q(v X B) =7 X (V) X qff)

A long and tedious calculation shows that

Lo 94 6.2
[rx(quA)]i=an '—qzar] ©2
j

We know that, o (;—L) = %. Therefore, considering the Equations (5.6), (5.8), (5.9),

and (6.2) we can conclude that,

Frorentz; = miy = (qf)l. + Q(_ﬁ X _E)l (6.3)



