HW 2 - MAXWELL’S EQUATIONS

All problems due Wed 3rd Feb.

1. ¢o, A AND CHARGE CONSERVATION

Check that the inhomogeneous wave equations for ¢ and A are compatible with conserva-
tion of charge: (a) in Lorenz gauge (b) in Coulomb gauge.

2. MAXWELL’S EQUATIONS AND MAGNETIC CHARGE

Suppose we tried to generalize the Maxwell equations to allow for “magnetic charge”, ¢,
as well as “electric charge”, g, then we might try

V-E=p/eo  V-B=popm (1)

1 0B 1 OE
VXE=——Jn— 2  VxB=puJet =, p
x €0C2 ot % Hosde + cz ot (2)

and for the force per unit volume on a “charge” distribution,

f=(pE+JcxB)+ (pmB — 5Jm X E). (3)

(a) Check that these Maxwell equations ensure that electric and magnetic charge are sep-
arately conserved.

(b) Consider the following “duality” transformation of the fields and charges:

E'| | cosf sinf||E (@)
cB’| | —sinf cosf| |cB

cq.| | cosf sind| [cqe (5)
¢, |—sinf cos@| |qm |’

Show that the Maxwell equations and the force density are invariant under these transfor-
mations. Show that E x B and %GoE -E+ ﬁB - B are also invariant.
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3. UsING THE MAXWELL STRESS TENSOR

(a) Consider the electric field generated jointly by two point charges, @), separated by a
distance d. Find an expression for the Maxwell stress tensor on the midplane between the
charges and use it to find the rate at which the electric field delivers momentum across the
midplane. Show that this rate of delivery agrees with the Coulomb force of one charge on
the other.

(b) A cube of dimension L x L x L finds itself in an electric field that is everywhere in
the z-direction. The field has a constant magnitude F; at the bottom and side faces and
a constant magnitude Fs at the top face. Find the force that the field exerts on the cube
(noting that we don’t know anything about the charge distribution within the cube).

4. ENERGY FLOW INTO A CURRENT CARRYING WIRE

Calculate the Poynting vector at the surface of a resistive wire of circular cross-section that
is carrying a steady current. Show that the integral of the Poynting vector over the wire’s
surface is equal to the power dissipated in the wire calculated using Ohm’s Law.



