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Nuclear Physics  - Problem Set 6 – Solution 

Problem 1) 

All you have to do is to take the magnetic moment operator µp = µu + µu + µd 
and “sandwich” it between the proton wave functions given (one “bra” to the 
left and one “ket” to the right). Since the three components of the wave 
function are orthogonal, you can simply square them and add up. The first 
component gives 2/3(2 µu - µd ) and the second and third give no 
contribution from the u-quarks and 1/3 µd from the d-quark. Adding it all 
gives 4/3 µu - 1/3 µd (see Eq. 15.17). My formula gives µu = 1.9 µN  and  µd 
= -0.95 µN. Plugging it all in yields µp = 2.85 µN. The experimental value is 
2.79 - pretty good! 
To do the same thing for neutrons, you simply use the fact that d’s and u’s 
change places in the wave function, so I get µn = 4/3 µd - 1/3 µu = -1.90 µN.  
(Experiment: - 1.91 - again very good). 
 

Problem 2) 

This one is even easier. The first expression in the wave function gives a net 
spin fraction of +4/3 carried by the u quarks (the second 2 expressions give 
nothing). Vice versa, the net spin carried by d-quarks comes out as 2/3(-1) + 
1/3(+1) = -1/3. Adding them straight yields 1 of course, since in the simple 
model given they carry the total spin of the proton. Weighing with the 
squared quark charges and dividing by 2 gets us 0.278. The experimental 
result is 0.12 -- 0.13 (approximately), which is quite different. Most of the 
difference is explained by relativity (which reduces the quark spin), orbital 
angular momentum (which is ignored in the wave function), and the rest by 
some combination of gluon and sea quark contributions. 
For the neutron I get 1/2(4/3.1/9 - 1/3.4/9) = 0. That is actually not so bad 
given that the experimental value is -0.04 -- -0.06 or so. 
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Table 1
Results for the first moments of the spin structure functions g1 from different experiments. Each experiment evolved its data to a fixed value of Q 2 which
is indicated. The results for the deuteron are not corrected for its D-state, but are ‘‘per nucleon’’.

Q 2 (GeV2) �
p
1 � n

1 � d
1 �

p
1 � � n

1 Ref.

10 0.120 ± 0.016 – 0.019 ± 0.015 0.198 ± 0.023 SMC [28]
3 – �0.033 ± 0.011 – – E142 [31]
3 0.133 ± 0.010 �0.032 ± 0.018 0.047 ± 0.007 0.164 ± 0.023 E143 [34]
5 – �0.056 ± 0.009 – 0.168 ± 0.010 E154a [38]
5 0.118 ± 0.008 �0.058 ± 0.009 – 0.176 ± 0.008 E155a [36]
2.5 0.120 ± 0.009 �0.028 ± 0.009 0.043 ± 0.004 0.148 ± 0.017 HERMESb [44]
3 – – 0.046 ± 0.006 – COMPASS [49]
5 Bjorken sum rule 0.182 ± 0.002

a From an NLO analysis.
b Over measured region x > 0.021 only.

The results from different experiments are in agreement within uncertainties, after taking Q 2-evolution into account. The
possible exception is the deuteron result of SMC [28] which is significantly lower than all others; this is due to a strongly
negative contribution from the unmeasured low-x region which has since been ruled out by COMPASS data. In particular,
the Bjorken sum rule is confirmed to within 7%–15% of its value 0.182 ± 0.002 (evolved to the average Q 2 = 5 GeV2 of
the data listed in Table 1); by far the largest remaining uncertainty stems from the low-x convergence of the integral. This
agreement can be considered a successful test of Q 2-evolution and the value of the strong coupling constant ↵s.

COMPASS andHERMES used theirmost recent result on the deuteron to extract an ‘‘experimental estimate’’ of the singlet
axial charge a0 (which equals 1⌃ in the MS scheme), yielding 1⌃ ⇡ 0.35 ± 0.06 for COMPASS (at Q 2 = 3 GeV2) and
1⌃ ⇡ 0.33 ± 0.04 for HERMES (evaluated at Q 2 = 5 GeV2). These numbers are somewhat higher than most recent NLO
analyses (see Section 2.5), but in agreement with similar analyses by other experiments. All results on �1 point towards a
negative contribution to the integral from strange quarks and antiquarks of order ⇡�0.1, while semi-inclusive results from
HERMES [45,102] are consistent with 1s � 0 in their measured range, see Sections 2.3 and 2.5.

3.3. The BC and ELT sum rules

While the first moment of g1 depends on Q 2 and changes significantly from the DIS region to the real photon point,
the Burkhardt–Cottingham sum rule for the first moment of g2 should apply at all values of Q 2 > 0, as long as the elastic
contribution is included in the integral. It can therefore be tested both by DIS data and at lower Q 2, where a significant
contribution to the integral comes from the nucleon resonance region.

The SLAC E155 data discussed in Section 2.6 yielded a first test of the sum rule for the proton and the deuteron. The
data were integrated over the measured region, 0.02 < x < 0.8 at Q 2 = 5 GeV2. The contribution from the unmeasured
large-x region is negligible. For the low-x expansion, one can use the assumption that g2 follows the Wandzura–Wilczek
form (Eq. (80)) which yields a result independent of our knowledge of g1 below x = 0.02. Under these assumptions, E155
found the integral for the proton to be �0.022 ± 0.008 and that for the deuteron as �0.002 ± 0.011, after averaging with
the data from E143. While the proton result appears to be inconsistent with the BC sum rule at the 2.75� level, any firm
conclusion depends strongly on the behavior of g2 at small xwhich is not known with enough precision and may not follow
the Wandzura–Wilczek form.

The same data were also used to estimate the value for the ELT integral (Eq. (90)) using the approximation given in
Eq. (91), with the neutron structure functions inferred from the measured proton and deuteron ones. The integral over the
measured region is consistent with the expected value of zero, within errors of ±0.008. Here, the extrapolation to small x
is less critical because of the extra factor of x in the integral.

The most extensive measurement of the BC sum rule at smaller Q 2 comes from an experiment using a longitudinally
and transversely polarized 3He target in Hall A. The integral of �

3He
2 =

R
g

3He
2 (Q 2)dx is plotted in the left panel of Fig. 36

for the measured region (from break-up threshold on up and covering the resonance region; solid circles). For comparison,
we also show a calculation using the MAID code [168] which is a unitary isobar model describing the nucleon resonance
region, with parameters fit to meson photo- and electro-production data. Added to the MAID result is an estimate of the pd
and ppn breakup contributions via a calculation of quasi-elastic single-proton knockout in the impulse approximation. The
open circles show the experimental results after adding an estimated DIS contribution. The solid squares correspond to the
results obtained after adding the elastic contributions for 3He and are in good agreement with the expected value of zero
within the systematic errors (indicated by the error bands for the experimental systematic error and the uncertainty on the
low-x extrapolation).

After applying some nuclear corrections, results for the neutron can be extracted from the 3He data. The result for � n
2

is plotted in the right panel of Fig. 36 in the measured region (solid circles), while the open circles include the elastic
contribution and the open diamonds correspond to the results obtained after adding an estimatedDIS contribution assuming
g2 = gWW

2 for the neutron. Taking the difference between proton and deuteron data from E155, one can estimate the result
for the neutron at high Q 2 (open square), which is consistent with zero but with a rather large error bar. The results from


