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FUNDAMENTALS	  OF	  QUANTUM	  MECHANICS	  
	  
I.	  Classical	  Mechanics	  in	  a	  Nutshell:	  
Consider	  a	  simple	  system	  consisting	  of	  a	  single	  particle	  (treat	  as	  point-‐like)	  with	  
mass	  m.	  	  For	  a	  “complete	  knowledge”	  of	  this	  system	  at	  some	  fixed	  point	  in	  time	  t0,	  
we	  need	  to	  know	  6	  quantities:	  the	  three	  coordinates	  (x,	  y,	  z)	  of	  the	  mass	  point	  and	  
the	  three	  components	  (px,	  py,	  pz)	  of	  its	  momentum	  (or	  its	  velocity	  vector).	  While	  the	  
precision	  with	  which	  we	  know	  these	  quantities	  in	  practice	  may	  depend	  on	  the	  
sophistication	  of	  our	  measurement	  device,	  there	  is	  no	  fundamental	  limit	  on	  this	  
precision	  –	  and	  in	  particular	  no	  a	  priori	  reason	  for	  a	  correlation	  between	  the	  
precision	  in,	  say,	  x	  and	  px	  –	  in	  classical	  Physics.	  Therefore,	  we	  can	  assume	  that	  in	  
principle	  all	  6	  quantities	  have	  defined,	  infinitely	  precise	  values	  at	  any	  given	  time	  t0.	  
Furthermore,	  if	  we	  also	  assume	  we	  know	  the	  force	  laws	  govering	  the	  motion	  of	  the	  
mass	  point,	  e.g.	  by	  specifying	  a	  potential	  energy	  V(x,	  y,	  z)	  and	  therefore	  the	  force	  
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(
) 	  at	  any	  point	  the	  particle	  might	  be,	  we	  can	  then	  

predict	  both	  the	  position	  and	  the	  momentum	  at	  all	  future	  times	  by	  solving	  
(analytically	  or	  numerically)	  the	  differential	  equations	  for	  particle	  motion:	  
d!r
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F .	  In	  summary,	  (x,	  y,	  z,	  px,	  py,	  pz)(t0)	  is	  both	  “knowable”	  in	  principle	  

and	  it	  is	  all	  there	  is	  to	  know	  about	  the	  system	  –	  all	  future	  (and	  past)	  values	  of	  these	  
6	  variables	  can	  be	  derived	  from	  the	  force	  laws	  with	  arbitrary	  precision.	  
	  
II	  Quantum	  Mechanics	  in	  a	  Nutshell:	  
The	  revolutionary	  results	  developed	  by	  Einstein,	  Bohr,	  Heisenberg,	  Schrödinger,	  de	  
Broglie,	  and	  many	  others	  can	  be	  summarized	  by	  saying	  that	  there	  are	  two	  kinds	  of	  
observables	  in	  Nature:	  

1) Some	  observables	  have	  infinitely	  precise	  values	  (i.e.,	  they	  can	  be	  known	  with	  
arbitrary	  accuracy)	  –	  but	  those	  observables	  must	  be	  quantized	  (can	  assume	  
only	  certain,	  well-‐defined	  values	  and	  no	  others).	  
Examples:	  	  

a) The	  energy	  values	  of	  a	  bound	  system.	  E.g.,	  the	  hydrogen	  atom	  can	  only	  

have	  binding	  energies	  that	  must	  follow	  the	  rule	  En =
−13.6 eV

n2 	  where	  

n	  =	  1,	  2,…	  must	  be	  a	  positive	  integer.	  No	  other	  energies	  are	  allowed!	  
b) Energy	  can	  be	  absorbed	  from	  or	  emitted	  into	  an	  electromagnetic	  wave	  

of	  frequency	  f	  only	  in	  packets	  (called	  photons)	  of	  fixed	  minimum	  
energy,	  E	  =	  hf,	  with	  Planck’s	  constant	  h	  =	  6.626.10-‐34	  J	  s;	  !	  =	  h	  /	  2π.	  
One	  consequence	  of	  this	  is	  that	  electromagnetic	  radiation	  (like	  light)	  
can	  only	  be	  emitted	  from	  atoms	  at	  a	  number	  of	  fixed	  frequencies	  
fij = Ei −Ef( ) / h 	  corresponding	  to	  transitions	  between	  the	  quantized	  
energy	  “eigenstates”	  of	  that	  particular	  atom/molecule	  (spectroscopy).	  



	  
2) Other	  observables,	  including	  position	  and	  momentum,	  are	  inherently	  

uncertain	  –	  meaning	  they	  cannot	  be	  known	  with	  arbitrary	  precision	  even	  in	  
principle.	  Therefore,	  Quantum	  Mechanical	  systems	  cannot	  even	  be	  
represented	  by	  specific	  values	  of	  (x,	  y,	  z,	  px,	  py,	  pz)(t0)	  –	  instead,	  they	  are	  
represented	  by	  so-‐called	  “state	  vectors”	   ψ (t) 	  that	  somehow	  encode	  the	  
sum-‐total	  of	  all	  the	  information	  that	  one	  can	  possibly	  have	  about	  that	  system.	  
Instead	  of	  certain	  and	  precise	  predictions	  about	  these	  observables,	  Quantum	  
Mechanics	  only	  allows	  statements	  about	  probabilities,	  for	  instance	  “what	  is	  
the	  probability	  to	  find	  the	  particle	  somewhere	  between	  x	  =	  x1	  and	  x	  =	  x2?”	  or	  
“what	  is	  the	  average	  position	  <x>	  that	  I	  can	  expect	  to	  find	  the	  particle	  if	  I	  
make	  a	  measurement?”.	  The	  uncertainty	  of	  this	  “expectation	  value”	  is	  given	  
by	  the	  standard	  deviation	  σx	  which	  can	  never	  be	  zero.	  In	  fact,	  there	  is	  a	  
famous	  correlation	  between	  this	  uncertainty	  and	  the	  corresponding	  one	  for	  

the	  momentum:	  σ xσ px
≥
!
2
	  (the	  famous	  Heisenberg	  uncertainty	  

relationship,	  often	  written	  as	  “ΔxΔp	  ≥	  !/2”).Note	  that	  this	  only	  a	  lower	  limit	  
–	  depending	  on	  which	  state	  the	  system	  is	  in,	  the	  uncertainties	  can	  be	  even	  
larger!	  

	  
III	  Classical	  Probability	  vs.	  Quantum	  Probability	  
In	  Classical	  Physics,	  probability	  is	  used	  whenever	  a	  complicated	  system	  depends	  sensitively	  
on	  a	  large	  number	  of	  variables,	  which	  are	  impossible	  to	  pin	  down	  precisely	  enough	  in	  
practice	  for	  a	  certain	  prediction	  (examples:	  lottery,	  weather).	  However,	  in	  principle	  the	  
outcome	  (winning	  lottery	  number,	  weather)	  could	  be	  predicted	  exactly	  if	  all	  variables	  were	  
known.	  	  
In	  Quantum	  Mechanics,	  even	  simple	  systems	  with	  only	  a	  few	  variables	  cannot	  in	  principle	  
be	  known	  precisely,	  and	  only	  probabilistic	  predictions	  are	  possible.	  	  
Example:	  How	  long	  do	  you	  have	  to	  wait	  for	  a	  bus?	  If	  you	  have	  no	  clue	  about	  the	  schedule,	  
the	  answer	  is	  completely	  unknown	  –	  you	  have	  a	  “bad	  theory”.	  If	  you	  know	  that	  the	  bus	  
comes	  every	  30	  minutes,	  but	  you	  don’t	  know	  when	  the	  last	  one	  left,	  you	  can	  make	  a	  classical	  
probability	  prediction	  –	  the	  probability	  for	  a	  bus	  to	  show	  up	  between	  t1	  and	  t2	  minutes	  from	  
now	  is	  given	  by	  (t2	  –	  t1)/30	  min.	  But	  if	  you	  saw	  the	  last	  bus	  leave,	  you	  can	  predict	  the	  next	  
one	  accurately.	  	  In	  QM,	  even	  the	  best	  theory	  is	  in	  principle	  unable	  to	  predict	  the	  exact	  arrival	  
time	  of	  the	  next	  bus	  (for	  instance,	  you	  also	  can’t	  measure	  exactly	  when	  the	  last	  one	  left),	  so	  
only	  probabilistic	  statements	  can	  be	  made.	  
	  
	   	  



IV	  Some	  rules	  for	  probability	  distributions	  
	  
Outcome	  of	  an	  experiment	  with	  only	  a	  finite	  (or	  countable)	  number	  of	  possible	  outcomes,	  
o1,	  o2,	  …oi,..	  –	  Example:	  Die	  with	  6	  sides	  -‐>	  six	  possible	  outcomes.	  
	  

	  
	  
Expectation	  value	  for	  outcome:	  < o >= oiP(oi )

i
∑ 	  =	  average	  of	  o.	  Expectation	  value	  for	  the	  

square	  of	  the	  outcome:	  < o2 >= oi
2P(oi )

i
∑ .	  Same	  for	  any	  function	  of	  the	  outcome.	  

Important	  concept:	  Variance!:	  σ 2
o =< o

2 > − < o >2 .	  Standard	  deviation	  =	  square	  root	  of	  
variance.	  
	  
	  



Experiment	  with	  a	  continuous	  range	  of	  possible	  outcomes,	  x	  (over	  a	  range	  of	  real	  numbers).	  
Cannot	  talk	  sensibly	  about	  the	  probability	  of	  a	  single	  outcome	  x0	  (it	  would	  be	  zero),	  but	  only	  
for	  a	  range	  of	  possible	  outcomes.	  
	  

	  
	  
Again	  can	  define	  expectation	  values,	  averages	  and	  variances/standard	  deviations.	  
	  
In	  both	  cases:	  Distinguish	  mean	  (=	  central	  tendency	  =	  best	  prediction	  for	  the	  average	  
outcome	  of	  a	  number	  of	  repeat	  measurements),	  mode	  (	  =	  most	  probable	  outcome)	  and	  
median	  (value	  of	  observable	  where	  the	  probability	  to	  measure	  something	  less	  or	  equal	  is	  
exactly	  ½).	  
	  
V	  Vector	  Spaces	  
	  
All	  possible	  information	  about	  a	  state	  is	  encoded	  in	  a	  state	  vector,	  a	  member	  of	  all	  possible	  
state	  vectors	  which	  form	  a	  Hilbert	  Vector	  Space.	  In	  particular,	  this	  is	  a	  complex-‐valued	  
vector	  space!	  	  Quick	  reminder:	  complex	  numbers	  are	  of	  the	  from	  z	  =	  a	  +	  ib,	  with	  the	  real	  
part	  (a)	  and	  the	  imaginary	  part	  (b)	  being	  real	  numbers.	  i	  is	  the	  square	  root	  of	  -‐1.	  
Short	  summary	  on	  next	  page:	  
	  



	  
	  
Example	  1:	  2-‐dimensional	  vector	  space	  describes	  a	  system	  which	  in	  classical	  Physics	  has	  
only	  2	  possible	  outcomes	  (e.g.,	  heads	  or	  tails	  for	  a	  coin):	  
	  

	  
	  



All	  vectors	  in	  this	  space	  can	  be	  described	  by	  2	  complex	  numbers	  z1,	  z2.	  A	  state	  vector	  where	  
both	  numbers	  are	  non-‐zero	  is	  a	  “superposition”	  of	  the	  two	  classical	  states	  (neither	  heads	  
nor	  tails	  but	  both	  at	  once	  –	  like	  Schrödinger’s	  cat	  that	  can	  be	  thought	  of	  being	  both	  dead	  and	  
alive).	  Doing	  a	  measurement	  forces	  the	  system	  to	  choose	  one	  of	  the	  2	  classical	  outcomes	  –	  
with	  the	  probability	  for	  each	  outcome	  given	  by	  the	  2	  equations	  above.	  As	  we	  will	  see,	  we	  
can	  choose	  to	  “normalize”	  any	  state	  vector	  such	  that	   z1

2 + z2
2 =1 	  which	  allows	  us	  to	  

calculate	  the	  probabilities	  simply	  using	  the	  numerators.	  
	  
Example	  2:	  A	  continuous	  range	  of	  possible	  outcomes,	  e.g.	  the	  position	  of	  a	  point	  along	  a	  
straight	  line	  (all	  x	  are	  possible).	  State	  vector	  is	  represented	  by	  a	  function	  assigning	  a	  
complex	  number	  to	  each	  real	  value	  for	  x:	  
	  

	  
	  
All	  vector	  spaces	  (whether	  in	  QM,	  Classical	  Physics	  or	  Math)	  have	  the	  following	  properties:	  
	  

	  



Note:	  The	  scalar	  product	  yields	  a	  complex	  number.	  If	  you	  reverse	  the	  order	  of	  	   ψ1 	  and	  	  

ψ2 ,	  you	  get	  the	  complex	  conjugate.	  A	  complex	  vector	  space	  with	  a	  scalar	  product	  and	  
normalizable	  vectors	  is	  called	  a	  Hilbert	  Space.	  
	  

	  
	  



	  
	  
Note:	  Since	  we	  require	  that	  the	  norm	  (magnitude)	   ψ 	  of	  any	  vector	   ψ 	  exists,	  and	  since	  a	  

vector	  multiplied	  with	  any	  complex	  number	  describes	  the	  same	  physical	  state	  of	  the	  system	  
as	  the	  original	  vector,	  we	  can	  divide	  each	  vector	  by	  its	  magnitude	  to	  guarantee	  that	  it	  is	  
normalized	  to	  one.	  This	  is	  a	  convention	  we	  will	  mostly	  follow	  to	  simplify	  calculations.	  
	  
VI	  	  Operators	  
Operators	  are	  linear	  functions	  that	  turn	  a	  vector	   ψ 	  into	  a	  (usually	  different)	  vector	   φ .	  
“Linear”	  means	  the	  following:	  
The	  operator	  turns	  the	  sum	  of	  2	  vectors	  into	  the	  sum	  of	  the	  images	  of	  the	  individual	  vectors:	  	  

If	   ξ = ψ1 + ψ2 ,	  then	  O ξ =O ψ1 +O ψ2 .	  Similarly,	  if	  we	  multiply	  a	  vector	  with	  a	  
scalar,	  then	  the	  image	  will	  just	  be	  the	  same	  multiple	  of	  the	  original	  image:	  
φ = z ψ ⇒ O φ = zO ψ .	  
	  
Example	  1:	  Ordinary	  3-‐dimensional	  vector	  space	  (e.g.,	  position	  vectors):	  	  
-‐	  Projections	  onto	  the	  x-‐y	  plane	  
-‐	  Unit	  operator	  (turns	  vector	  into	  itself)	  
-‐	  “Stretch	  operator”	  (turns	  vector	  into	  a	  multiple	  of	  itself)	  
-‐	  Rotations	  around	  the	  z-‐axis.	  See	  whiteboard	  shots	  below:	  
	  



	  
	  
Operators	  have	  eigenvectors	  =	  vectors	  that	  the	  operator	  simply	  turns	  into	  a	  multiple	  of	  
themselves.	  The	  factor	  by	  which	  the	  eigenvector	  is	  multiplied	  is	  called	  the	  eigenvalue.	  See	  
above	  for	  ordinary	  3-‐dimensional	  operators.	  
Formally	  we	  say	   ωi 	  is	  an	  eigenvector	  of	  operator	  O	  with	  eigenvalue	  ωi	  IF	  

O ωi =ωi ωi 	  (the	  index	  “i“	  indicates	  that	  there	  could	  be	  several	  different	  eigenvectors,	  
with	  potentially	  different	  eigenvalues).	  
	  
Examples	  for	  Hilbert	  Spaces	  we	  have	  discussed	  so	  far:	  
a)	  2D	  Hilbert	  space	  with	  only	  2	  possible	  outcomes	  (coin	  face	  up	  or	  face	  down;	  Schrödinger’s	  
cat	  alive	  or	  dead).	  General	  form	  of	  any	  vector	  in	  this	  space:	   ψ = c1 ↑ + c2 ↓ .	  Example	  for	  
an	  operator:	  Look	  at	  the	  coin	  (or	  open	  the	  box)	  and	  assign	  value	  1	  for	  face	  up	  (cat	  alive)	  and	  
value	  0	  for	  face	  down	  (cat	  dead).	  Possible	  eigenvectors:	   ↑ 	  	  (c1	  =	  1,	  c2	  =	  0)	  with	  eigenvalue	  

+1,	  and	   ↓ 	  	  (c1	  =	  0,	  c2	  =	  1)	  with	  eigenvalue	  0.	  
b)	  Inifinte-‐dimensional	  Hilbert	  space	  (particle	  on	  a	  line	  with	  arbitrary	  position	  x):	  
	  	  i)	  Projection	  operator	  turns	  ψ(x)	  into	  the	  same	  function	  for	  some	  interval	  x1…x2	  but	  zero	  
outside	  that	  interval	  (see	  whiteboard	  shot	  below).	  Possible	  eigenvalues	  again	  1	  (for	  a	  
function	  that	  already	  is	  zero	  outside	  that	  interval)	  and	  0	  (for	  a	  function	  that	  is	  zero	  within	  
that	  interval).	  
	  	  ii)	  Position	  operator	  X:	  X ψ = ξ ; ξ (x) = x ⋅ψ(x) .	  

Doesn’t	  have	  proper	  eigenvectors	  within	  
the	  Hilbert	  space	  (those	  must	  be	  
normalizable),	  but	  approximate	  
eigenvector	  would	  be	  a	  function	  that	  is	  
“spiked”	  around	  a	  single	  value,	  	  
x	  =	  x0,	  and	  zero	  everywhere	  else.	  In	  that	  
case,	  the	  eigenvalue	  is	  simply	  x0.	  This	  
“eigenvector”	  represents	  a	  particle	  
located	  at	  x0!	  



	  

	  
	  

iii)	  Momentum	  Operator:	  P : ψ → P ψ = φ  with φ(x) = !
i
∂ψ(x)
∂x

.	  	  

Eigenvectors:	   φp  with P φp = p ⋅ φp ;φp(x) = 1
2π!

e
i p
!
x
.	  

Proof:	  
!
i
∂φp(x)
∂x

=
!
i
∂
∂x

1
2π!

e
i p
!
x
=

1
2π!

!
i
∂
∂x
e
i p
!
x
=

1
2π!

!
i
i p
!
e
i p
!
x
= p 1

2π!
e
i p
!
x
= pφp(x) .	  



Represents	  a	  particle	  moving	  with	  defined	  momentum	  p.	  Why?	  Take	  electromagnetic	  wave	  
as	  analogy	  (in	  fact,	  an	  electromagnetic	  wave	  represents	  the	  “state	  vector	  of	  a	  photon”):	  
!
E x, t( ) =

!
E0e

i 2π
λ
x−2π f t

"

#
$

%

&
'
	  with	  frequency	  f	  and	  wavelength	  λ.	  Note:	  we	  know	  that	  λf	  =	  c!	  

But	  we	  have	  learned	  that	  photons	  with	  frequency	  f	  have	  energy	  

E = hf ⇒ 2π f = 2π
h
E = E
!
.	  On	  the	  other	  hand,	  Einstein	  tells	  us	  that	  (for	  massless	  

particles	  like	  photons)	  E = pc⇒ p = E
c
=
hf
c
=
h
λ
=
2π!
λ

⇒
p
!
=
2π
λ
.	  In	  other	  words,	  

the	  factor	  multiplying	  x	  in	  the	  phase	  factor	  must	  be	  	  i	  times	  momentum	  divided	  by	  hbar.	  
This	  is	  exactly	  what	  appears	  in	  the	  eigenvectors	  for	  the	  quantum-‐mechanical	  momentum	  

operator.	  Note	  (for	  further	  use	  later	  on)	  that	  	   ∂
∂t

!
E x, t( ) = −i2π f ⋅

!
E x, t( ) = E

i"
⋅
!
E x, t( ) .	  

Final	  statement:	  Again,	  these	  “eigenvectors”	  are	  not	  normalizable,	  so	  they	  cannot	  describe	  
“real	  particle”	  (they	  are	  not	  part	  of	  the	  true	  Hilbert	  space).	  This	  makes	  sense	  because	  we	  
already	  know	  that	  no	  particle	  can	  have	  perfectly	  known	  (precise)	  momentum,	  because	  of	  
Heisenberg’s	  uncertainty	  principle.	  Here	  is	  the	  proof:	  

φp φp = φp
*(x)φp(x)dx

−∞

∞

∫ =
1
2π!

e
−i p
!
x
e
i p
!
x
dx

−∞

∞

∫ =
1
2π!

1dx
−∞

∞

∫ =∞ .	  

	  
iv)	  The	  perhaps	  most	  important	  operator	  in	  Quantum	  Mechanics	  is	  the	  Hamiltonian.	  This	  
operator	  represents	  the	  energy	  of	  a	  particle	  (or	  a	  system).	  It	  requires	  no	  fundamentally	  new	  
concept,	  as	  it	  can	  be	  constructed	  out	  of	  the	  operators	  we	  have	  already	  discussed:	  position	  X	  
and	  momentum.	  First,	  remember	  the	  expression	  for	  total	  energy	  in	  classical	  Physics:	  

E = Tkin +Vpot .	  Here,	  we	  can	  express	  the	  kinetic	  energy	  Tkin =
m
2
v2 = m

2
p
m
!

"
#

$

%
&
2

=
p2

2m
,	  i.e.	  in	  

terms	  of	  	  the	  momentum	  operator.	  Meanwhile,	  the	  potential	  energy	  Vpot	  is	  usually	  given	  as	  a	  
function	  of	  coordinate(s),	  i.e.	  in	  the	  example	  of	  a	  single	  particle	  moving	  along	  the	  x-‐axis	  
Vpot =V (x) .	  	  

	  



All	  we	  have	  to	  do	  is	  replace	  the	  little	  p	  with	  the	  operator	  P	  and	  replace	  the	  little	  x	  with	  the	  

operator	  X	  in	  that	  function	  to	  get	  the	  Hamiltonian:	  H =
P2

2m
+V (X) .	  The	  eigenstates	  of	  this	  

operator	  describe	  systems	  with	  known,	  precise	  energy.	  Because	  these	  states	  turn	  out	  to	  be	  
extremely	  important,	  we	  will	  look	  at	  them	  in	  great	  deal	  later	  on.	  For	  now,	  just	  convince	  
yourself	  that	  in	  the	  case	  of	  a	  free	  particle	  with	  V(x)	  =	  0	  for	  all	  x,	  the	  momentum	  eigenstates	  

we	  found	  above	  will	  also	  be	  eigenstates	  of	  the	  Hamiltonian,	  with	  eigenvalue	   p
2

2m
.	  

VII	  Operators,	  Observables	  and	  Measurements	  
	  
A	  fundamental	  statement	  of	  Quantum	  Mechanics	  (first	  made	  by	  Heisenberg)	  is	  that	  all	  
observables	  must	  be	  represented	  by	  operators	  called	  “Hermitian”,	  meaning	  that	  all	  of	  their	  
eigenvalues	  are	  purely	  real	  numbers	  (no	  imaginary	  part).	  All	  of	  the	  operators	  introduced	  in	  
the	  “Examples	  for	  Hilbert	  Spaces”	  above	  are	  of	  this	  type,	  and	  they	  all	  represent	  observables.	  
(There	  are	  other	  operators	  in	  Quantum	  Mechanics	  that	  are	  also	  important	  -‐	  e.g.	  operators	  
representing	  rotations,	  but	  that	  do	  not	  correspond	  to	  observables	  –	  those	  can	  have	  complex	  
eigenvalues).	  
	  

	  
	  
	  
Any	  eigenstate	  to	  such	  an	  operator	  O	  representing	  an	  observable,	  with	  eigenvalue	  ωi,	  
signifies	  a	  state	  of	  the	  particle	  (or	  system)	  which	  has	  an	  infinitely	  precise	  (sharp)	  value	  ωi	  of	  
that	  observable.	  In	  other	  words,	  if	  we	  measure	  the	  observable	  belonging	  to	  O,	  we	  are	  
guaranteed	  to	  get	  the	  answer	  ωi	  and	  nothing	  else	  (no	  uncertainty,	  no	  probabilities).	  The	  
next	  whiteboard	  shot	  summarizes	  how	  measurements	  of	  any	  observable	  are	  described	  in	  
Quantum	  Mechanics:	  



	  
	  
In	  other	  words,	  making	  a	  measurement	  and	  getting	  a	  result	  for	  an	  observable	  only	  
guarantees	  one	  thing:	  that	  afterwards	  the	  system	  is	  in	  an	  eigenstate	  of	  the	  corresponding	  
operator,	  with	  the	  eigenvalue	  given	  by	  the	  measurement.	  We	  cannot	  say	  for	  certain	  what	  
state	  it	  was	  before	  the	  measurement.	  (Joke:	  You	  can	  argue	  that	  the	  policeman	  who	  
measured	  your	  speed	  with	  RADAR	  is	  the	  reason	  you	  were	  speeding	  –	  before	  the	  
measurement,	  you	  might	  have	  been	  in	  a	  superposition	  of	  speeding	  and	  not	  speeding!	  
Similarly,	  the	  person	  who	  opens	  the	  box	  may	  be	  the	  killer	  of	  the	  cat!).	  



	  
	  
Expectation	  value	  of	  operator	  O	  for	  a	  particle	  in	  state	  described	  by	  |ψ>	  :	  
	  

	  
	  



VIII	  The	  Schrödinger	  Equation	  
	  
To	  be	  continued.	  Quick	  preview:	  

	  
	  
	  
	  
Formal	  Summary:	  All	  knowledge	  about	  a	  system	  is	  encoded	  in	  state	  vector	   .	  
State	  vectors	  can	  be	  linearly	  combined,	  and	  we	  can	  define	  a	  scalar	  product	   	  
(complex	  number).	  By	  convention	  all	  state	  vectors	  are	  normalized	  to	  1:	   	  .	  	  

Observables	  O	  are	  represented	  by	  operators	  Ω	  with	  eigenvectors	   	  and	  
eigenvalues	  ωi	  (real	  numbers):	  	   .	  Any	  measurement	  of	  O	  must	  give	  one	  
of	  these	  eigenvalues	  as	  result.	  After	  we	  measure	  ωi,	  the	  system	  will	  be	  in	  the	  state	  
described	  by	  vector	   	  (“collapse	  of	  the	  state”).	  The	  probability	  to	  measure	  this	  

particular	  eigenvalue	  is	  given	  by	   .	  The	  average	  (expectation	  value)	  

for	  the	  observable	  over	  many	  independent	  trials	  is	   	  with	  a	  standard	  

deviation	   .	  	  

Heisenberg’s	  uncertainty	  principle:	  Position	  x	  and	  momentum	  p	  cannot	  be	  predicted	  
with	  arbitrary	  precision	  simultaneously;	  ΔxΔp	  ≥	  !/2. 

Time evolution (Schrödinger Equation):  where H is the 

Hamiltonian operator that represents total mechanical energy (kinetic and potential). 
Eigenstates of H:  
Specific representation: Motion in 1D => state vector represented by a “wave function” 

ψ(x). Scalar product: . Important observables:  

ψ

ψ ' ψ
ψ ψ =1

ϕi

Ω ϕi =ωi ϕi

ϕi

Pr(ωi ) = ϕi ψ
2

O = ψ Ω ψ

ΔO = O2 − O 2

ψ (t) ; ∂
∂t
ψ (t) = 1

i!
H ψ (t)

H ϕE = E ϕE ; ϕE (t) = ϕE e−iEt/!

ψ ' ψ = ψ '(x)*
−∞

∞

∫ ψ(x)dx



Position X - ; Momentum P - ; Hamiltonian H - 

. Eigenvalue equation: 

. Solution: “Stationary States”. Probability to find 

particle in interval x…x+dx: . 
Eigenstates of the free Hamiltonian (simultaneous eigenstates of momentum operator): 

 
Gaussian Wave Package: 

ψGWP (x, t = 0) =
1
2πσ p

e
−
( p−p0 )

2

4σ p
2

e
i
!
px
dp

−∞

∞

∫  

Average momentum p0, with standard deviation σp. Standard deviation for position is 

which is the smallest possible given Heisenberg’s Uncertainty Relation. 

However, σx will increase with time while σp is constant. 
Eigenstates of square well potential (V(x) = 0 for 0 ≤ x ≤ L , infinite else): 

	  
Eigenstates	  of	  Harmonic	  Oscillator:	  

	  	  

	  
H0 (y) =1, H1(y) = 2y, H2 (y) = 4y

2 − 2;

A0 =
mω
π!

"

#
$

%

&
'
1/4

, A1 =
1
2

mω
π!

"

#
$

%

&
'
1/4

, A2 =
1
8
mω
π!

"

#
$

%

&
'
1/4

. 	  

	  

Xψ(x) = x ⋅ψ(x) Pψ(x) = !
i
∂
∂x
ψ(x)

Hψ(x) = P2

2m
+V (X)

!

"
#

$

%
&ψ(x) = −

!2

2m
∂2

∂x2
ψ(x)+V (x)ψ(x)

−
!2

2m
∂2

∂x2
ψ(x)+V (x)ψ(x) = Eψ(x)

d Pr(x...x + dx) = ψ(x) 2 dx =ψ(x)*ψ(x)dx

ψp(x, t) = Ae
i
!
px
e
−
i
!
p2

2m
t

σ x =
!
2σ p

ϕn (x) =
2
L
sin nπ x

L
!

"
#

$

%
&; En =

n2π 2!2

2mL2

H =
P2

2m
+
mω 2

2
X2

ϕn (x) = AHn
mω
!
x

!

"
#

$

%
&e

−
mω
2!

x2

; En = (n+ 1
2 )!ω

H0 (y) =1; H1(y) = y; H2 (y) = (2y
2 −1)…


